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ABSTRACT

In this paper we have shown that the p— V-7 measurements for light and heavy
water systems can be represented with sufficient accuracy by the logarithmic form of
the two parameter Tait equation. One of the parameters, which is dimensioniess,
turns out to be the same for both types of water. We make the plausible assumption
that even for their mixtures this parameter kas the same value. The other parameter
can then be determined from the limiting isothermal compressibility which is obtaina-
ble with great precision from the speed of sound measurements at normal pressure.
The p-V-T data for the water mixtures can thus be generated by using the Tait
equation. This simple equation is very useful in the determination of the values of
those thermodynamic functions which are not easily accessible to direct experimental
measurements at elevated pressures. Lastly the principle of corresponding states is
shown to be applicable for the two water systems. :

INTRODUCTION |

‘The thermodynamic properties of light water (H,0) have been investigated
experimentally in great detail'. Similar though less extensive work with heavy
water (D,0) has been carried out in the last few decades. However, the study of
mixtures of the two waters, which are ideally suited from the point of view of theory
of mixtures, has strangely attracted little attention so far. It is hoped that this work
will generate some activity which would help in filling this gap.

Equancn of state measurements for the two waters in the liquid phase have
been carried out by a number of workers. From these we have selected Bridgman’s
data? and discussed the problem of their analytical representation by a simple two-
parameter equation. Such a representation is very useful in determining the values of
some of the thermodynamic functions which are not easily measured directly at
" elevated pressures. Next, in the absence of direct experimental p—V-T m&surements.
on the mixtures of two waters, we have given a procedure by which these data may.
be generated. The only mixture property which is needed is the isothermal compressi-
‘bility under ordinary conditions as a function of temperature and concentration. It is
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well known that the most reliable values of the limiting compressibility can be obtained
from the speed of sound measurements provided the values of the ratio y = C,/C,
are known. Recently, we have reported the speed of sound measurements? in the
mixtures of two waters. Unfortunately no corresponding specific heat resuits are
avaijlable at present, so that one can generate p—¥V-T data for water mixtures by
making a tentative assumption that the specific heat of mixing is zero.

EQUATION OF STATE

The need to represent the p—V-T data by a suitable equation can hardly be
over-cmphasized. Tait* sought an equation to represent the compressibility of sea
water and pmposed the equation

(Vo—V)Vc = ap/(b+Pp) 1

where Voxsthezcropr&urevolume,whxleaandbarepammetcrstobesmtably
chosen. This was later modified to the form

(Vo—V)/Vp = Cln (1+p/B) | @

which is again a two parameter equation. This equation has been employed with
considerable success for the analysis of the experimental p-V-T data for the normal
paraffins and some high polymers®. The utility of this representation stems from the
fact that for these systems the dimensionless parameter C could be assigned the same
value 0.08936. In the case of light and heavy waters, the fitting of Bridgman’s data
with eqn (2) gives C=0.1240 for both water systems. This result constitutes a great
step forward in the determination of thermodynamic properties of water mixtures.
No such simplification is, however, found possible with the representation correspond-
ing tc eqn (1). The values of parameters in eqns (1) and (2) for the two waters are
given in Table 1. The volume values calculated from eqn (I) show a deviation from
theexperuncntwhxchexcwds 1.5% onthehxghpr&memde. Onthe otherhand,

TABLE 1 _ :
PARAMETERS OF EQNS (1) AND (2) FOR LIGHT AND HEAYY WATERS
T® ~ Em@D- - Em@r
H,0 D;0 H;0 D0
a  bikba) - a b (kbar) B(bar) B (kbar)
273.15° 02867 - 5607 02931 5565 2418 2.330
29315 0320 . 7232 . 03164 . 6831 . . 2648 2589 . .
313.15 03246 . 7.587 03204 7363 - . 2763 - 2735
333.15 02885 6357 02982 6.613 Co2pe 2120

353.15 02900 6189 02950 6344 - 265 2652 .

“The seoond parameter C has the same value cqual to 0.1240.
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using eqn (2) the maximum deviation does not exceed 0.1%. In view of this we have
only used the logarithmic form of the Tait equation. It may be noted from Table 1
that the B values for the two waters seem to converge on the high temperature side.
This could be due to the diminishing effect cf hydrogen bonding with increase in

temperature.

From equn (2), it is readily seen that the isothermal compressibility

K:(p) = —@V/op)/V = C[{E(p+B)} e
where,

E=1-CIa(l1+p/B)
This gives, .

K (0)=C|B @

Equation (4) provides the limiting value of isothermal compressibility which is
extremely difficult to measure directly from p-¥V measurements. Alternatively,
accurate values of this quantity can be obtained from the speed of sound measure-
ments and the knowledge of y values. In Table 2 we have shown a comparison of
K;(O) values for the two waters as obtained from eqn (4) and the speed of sound.
It is noted that the differences in the two scts of compressibility values are generally
less than 2%. This shows the reliability of eqn (2) for the representation of p-V-T
data for both waters even in the low pressure region.

TABLE 2
K3(0)x(10° bar) FOR LIGHT AND HEAVY WATERS

T(K) H,O , : © D0
Speed of sound Egn(4) Speed of sound Eqn (4)
293.15 = 4584 46.83 47.05 47.89
313.15 14.10  44.88 44.80 45.3%
- 333.15 44.56 45.42 44.82 ’ 45.55
353.15 46.06 ’ 46.69 46.45 " 46.76

Equation of state studies of water mixtures have not been carried out so far.
However, our foregoing analysis of the data of pure water systems permits us to
_generate p—V-T data for mixtures. Since the parameter C is identical for the two
water systems, it seems reasonable to assume the same value for their mixtures.
Making use of eqn (4) the values of parameter B as a function of temperature may be
determined provided the corresponding isothermal compressibility values are known.
The speed of sound measurement in the mixtures of heavy and light waters yields
the adiabatic compressibility. Unfortunately, no specific heat measurements in
water mixtures have been reported so far. We have tentatively assumed that the
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" TABLE 3.

K+(0) x (10¢ bar) FOR MIXTURES OF HEAVY AND LIGHT WATERS. FOR
VARIOUS VOLUME CONCENTRATIONS R OF- -

T R

' 25 50 75
293.15 4612 4625 46.59
313.15 4424 4424 4446
333.15 44.64 4449 44.68
'35315 4611 4605 4630

specific heat of mixing for the water mixtures is zero and used the computed y values
to determine the isothermal compressibility. The results are shown in Table 3. This
procedure for generating p—V-T data may be adopted for other systems (pure or
mixtures) where the validity of the Tait representanon may be assumed and prov:ded
the value of Ccan. be mferred

CALCULATION OF THERMODYNAMIC FUNCTIONS -

- Equation (3) gives the isothermal compressibility in terms of the Tait representa-
tion. Similarly using eqn (2) and the well-known thermodynamic relations the fol-
lowing expressions representing the pressure variation of other thermodynamic
functions are obtained. Isobaric coeflicient of volame increase, ~ -

| %@ =@VRD)IY =2,O+CIBB HEE+B e

where the primed q‘nantmes stand for their demratwes with mpecf to temperature
Specxﬁc heat at constant pr&ssm’e . .

) C (0) TJ‘ (62 VIBTZ),dp

, = ,(0)+T[F,p+{Fz V'(P'I'B)}(l f) FaP/(P"'B)] SRR )
| (C%/B')B"-(HC) izc(B) VB —(CVB)E,
I-‘Z—ZB'Vo-i-VoB' L R

Sl 'F:i érf‘(C%IB)szv'f—'--:t L A B AP
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Entropy,

S(2, T) S(, T)+f (aVIaT)de
-=S(0, N+ p[Vs(1+C)+(CVolBYB1—-(1—- ) [Vi(p+B)+ Vo B)] (8)

The values of ¥V, as a function of temperature for the two waters can be
determined using Kell’s relatu:m6 For calculating the temperature derivatives of B,
the polynomial

B='§oC,t' | o - ©

may be employed; here 7 is the temperature in °C. The values of coefficients of eqn (9)
for the two waters are given in Table 4. The values of B calculated using eqn (9) do
not differ by more than 0.1% from the direct determinations from eqa (2) for repre-
senting the p—V—T data.

TABLE 4 5
- COEFFICIENTS OF EQN (9) ‘?l’ﬂ-l BAR AS THE UNIT OF PRESSURE

Coeﬁa'azl: H;O D;O

Co 2418.0 2330.0 .
C, 1Z.149 12.669
Cy;x10-3 52896 122.18
C3x10~3 —496.43 —631.54
Ce¢x1077 358.71 ‘ 429.64

From eqns (3) and (5)«(8), various thermodynamic functions can be easily
calculated and the effect of pressure on their behaviour investigated. As an illustration,
the variations of «, and C, for heavy water are shown in Fig. 1 and Fig. 2, rospect:vely.
These two functwns were chosen because of some mtemtmg features.

In Fig. 1 the variation of a, with pressure is shown for three diferent tem-
peratures. It is observed that on- the low temperature side a, increases with pressure.
However, at higher temperatures the effect of pressure w&kens and ultimately shows
an opposite trend. Calculations show a similar behaviour in the case of light water.
Here our results are in agreement with those of Fine and Millero? who have reported
values of «, upto 1 kbar.

In F'g. 2 the variation of C, with pressure is shown at ﬁvc different temperaturm
In all cases the chan ge is non-monotonic. It may be further observed that the minimum:
in C, as a function-of pressure with increasing temperature first shifts to the low

“ pressure side, but around 323 K -this trend is reversed. Another interesting feature
is that the effect of pressure on C, increases first with rising temperature. However,
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Fig. 1. Varation of isobaric coefficient of volume increase with pressure for heavy water. Curve I:
293.15 K; curve 2: 313.15 K; curve 3: 333.15 K.
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F’g.z.Variaﬁon ofspeuﬁc heat at constant pressuxe with pm Curvc 1: 293.15 K; curve 2:
303.15K; curve 3: 313.15 K; curve 4: 323.15 K; curve 5: 333.15 K. :

beyond 313X this eﬁ'ect beconm progr&wely weaker. Smila.r behavxour is also
obscrvedmthemseofhghtwater , :

PRINCIPLE OF (X)RRMO‘!D!NG S'!‘A'IB

- . IfforadassofmatenalstheparamcterCofTaltsequatxonhasthesamevaluc
and provided the principle of conspondmg states is obeyed, egn (2) assumes the
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following form in terms of the reduced variables
1-V,(D)Vo(T) = Cin (1 + p/B(TY) (10)

Here the reduced volumes at zero and finite pressure are defined as V, = V,/V*
and 17, = V,/V* in terms of a characteristic volume V*. Similarly the reduced pressure
P=p/(E*/V*) and hence B = B/(E*/V*) and also the reduced temperature T=
T/(E*[(nk)) where E* represents a characteristic energy, 7 is the number of volume
dependent degrees of freedom and k is the Boltzmann constant. If it can be demon-
strated that for a class of materials B and V, are both universal functions of the
reduced temperature T, then it follows that a reduced equation of state

F=pP.T) | an
exists. We have considered such a possibility for the twc waters. Since the absolute
value of the scale parameters is not important here, we arbitrarily take ¥*, p*(= E*/V?*)
and 7™* to be unity for light water. In these units if we take for heavy water V* = 1.007,
p* =0.991 and 7* = 1.012, the superposition of ¥, versus T and B versus T values
for the two water systems, as shown in Figs. 3 and 4, is quite satisfactory. This shows

that for the two waters the principle of corresponding states is valid in the tem-
perature and pressure ranges considered here. We also find that p*P*/T* =1.014

-

188

Fg. 3. Variation of reduwd volume Vo of lxght and hnvy waters with (T— To) where To=273.15.
Fuoll Iine- light water; A: heavy water. - .
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Fig. 4. Plot of reduced Tait parameter B of light and heavy waters against (7— To). Full line: light
water; A: heavy water.

v'v;hichv'shovirs" that the number of vblume-dependent degrees of freedom for liwvy
water is somewhat larger as compared to light water.

CON CLUSIONS

“In the present paper we have taken an 1mportant step towards the study of
light and heavy water mixtures. Extcnsive work in this direction is expected to pave
the way for the development of a satisfactory theory of water. It has been saown in
this paper that the p— V-7 measurements of both waters can be represented by the
logarithmic form of Tait’s equation with a sufficiently high accuracy upto 12 kbar
which is the limit of Bridgman’s data. A simple procedure for generating p—-V-Tdata
for the water mixtures has. also been given. By using the procedure described in
this paper it is possible to evaluate readily the thermodynamic fanctions at elevated
- pressures from the knowledge of their corresponding values under ordinary condi-
tions. Lastly the validity of the principle of corresponding states for the two water
systems has been established over the tcmperatm-e and pmme ranges considered in’
this work.
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